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Abstract: One of the biggest scientific and
social issues of the twenty-first century is
climate change. Rigid quantitative
methods that can integrate intricate
physical, chemical, and biological
processes are necessary to comprehend its
causes, progression, and effects. In order
to mimic past climate behaviour, examine
current trends, and estimate future climatic
scenarios, scientists rely heavily on
mathematical modelling. An extensive
review of mathematical modelling
approaches utilized in climate change
research is provided in this publication.

There is discussion of several model
classes, such as energy balance models,
dynamical system models, climate models
based on partial differential equations, and
integrated assessment models. Model
formulation, assumptions, uncertainties,
applications, and limits are all examined in
the research. The importance of
mathematics in risk assessment, climate
policy, and sustainable development
planning is emphasized.

Keywords: numerical simulation,
differential  equations, = mathematical
modelling, climate systems, and climate
change.

1. Introduction:

Harda (M.P)
Long-term changes in typical weather
patterns, including temperature,

precipitation, and air circulation, are
referred to as climate change. Both natural
and man-made factors, such as greenhouse
gas emissions, changes in land use, and
industrial activity, contribute to these
changes. Global mean surface
temperatures, sea levels, glacier melting,
and the frequency of extreme weather
events are all steadily rising, according to
observational data. With interactions
between the  atmosphere,  oceans,
cryosphere, biosphere, and lithosphere, the
climate system is intrinsically complex.
Mathematical models are crucial tools for
studying climate behaviour because it is
impossible to directly experiment with the
Earth's climate.

By converting physical laws into
mathematical formulas, these models
enable scientists to model climate
processes in a variety of scenarios.
Theoretical knowledge and empirical data
are connected through mathematical
modelling. It makes it possible for climate
scientists to test theories, evaluate
potential hazards, and assist global
evaluations like those carried out by the
Intergovernmental Panel on Climate
Change.

2. Math’s part in climate science
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The fundamental vocabulary of climate
research comes from  mathematics.
Mathematical functions that change over
time and place are used to represent
climate variables including temperature,
pressure, humidity, and wind speed. Using
mathematical methods, one can:

Explain the physical rules that control
climate processes.

e Examine stability and feedback
systems.

e Using observational data,
estimate unknown parameters.

e C(Calculate  sensitivity  and
uncertainty.

e Create climate projections for
the future.

Integrating data across
geographical scales, from local weather
systems to global circulation patterns,
would be impossible without mathematical
modelling.

3. The climate system as a framework
for math

One way to think of the climate system is
as a coupled dynamical system made up of
several interdependent subsystems.
Physical principles and conservation laws
control each component:

e Atmosphere: Radiation
balance, thermodynamics, and
fluid dynamics

e Oceans: Equations for
momentum, salinity circulation,
and heat transport

e Cryosphere: Phase change
dynamics, ice-albedo feedback

e Biosphere: Carbon cycle,
vegetation-climate relationship

The goal of mathematical modelling is to
depict these processes using systems of
equations, which are frequently nonlinear
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and high-dimensional, making numerical
techniques crucial and analytical solutions
challenging.

4. Classification of climate model
4.1. Models of Energy Balance (EBMs)

One of the most basic models of climate
change is the energy balance model. They
are predicated on the idea that the
equilibrium  between incoming solar
radiation and outgoing terrestrial radiation
controls Earth's climate. Temperature is
typically expressed as a function of heat
transport and radiative forcing in an EBM.
EBMs are helpful for researching global
mean temperature, climate sensitivity, and
feedback processes like the ice-albedo
effect despite their simplicity.

Mathematical basis:

Algebraic equations or simple ordinary
differential equations.

Examples:

e Zero-dimensional  global

energy balance model

e Budyko-Sellers Energy

Balance Model

e One-dimensional latitudinal
energy balance model

Applications:

Ice-albedo feedback studies and climate
sensitivity analysis.

4.2. Dynamical System Models

Ordinary differential equations (ODES) are
used in dynamic models to simulate the
evolution of the climate. When examining
qualitative climate behaviour, such as
equilibrium states, oscillations, and tipping
points, these models are especially useful.
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These models have been applied to the
analysis of events such as rapid climatic
shifts and glacial-interglacial cycles.
Bifurcation theory and stability analysis
are essential for comprehending model
behaviour.

Mathematical basis: nonlinear ordinary
differential equation systems.

Examples:

e The Lorenz climate system
e  Models of low-order ocean-
atmosphere interactions

Applications:

Include tipping point analysis, oscillations,
and climate stability.

4.3. Models of Partial Differential
Equations (PDE)

The majority of sophisticated climate
models use partial differential equations
that are derived from physical laws:

e The Navier-Stokes
equations for motion in the
atmosphere and  ocean

Equations of
thermodynamics for
energy transfer

e Equations of continuity
for mass conservation

These PDEs are  computationally
demanding since they are defined over
three-dimensional spatial domains and
extended over time. These equations are
solved numerically using spectral methods,
finite difference, and finite element.

Mathematical basis:
Partial Differential Equations (PDEs),

which represent physical laws, serve as the
mathematical basis for climate models.
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These formulas explain how climate
variables vary across time and space.

Examples

° Wave Equation
° Navier—Stokes equation
° Laplace equation

Applications:

° Ocean & seismic waves
° Weather & climate models
° Groundwater, heat balance

4.4. GCMs, or general circulation
models

General Circulation Models discretize the
Earth into grid cells in order to mimic the
world's oceans and atmosphere. Physical
processes including cloud formation,
radiation,  convection, and  ocean
circulation are all included in GCMs.
GCMs are extremely detailed, yet because
of unresolved small-scale phenomena, they
require approximations and
parameterizations. They serve as the
foundation for contemporary climate
forecasts.

Mathematical basis:
Navier-Stokes, energy, and continuity
equations are examples of partial

differential equations.

Examples:

GCM in the atmosphere (AGCM)
Oceanic GCM (OGCM)
Coupled Ocean-Atmosphere GCM

Applications:

The Intergovernmental Panel on Climate
Change uses future climate estimates.
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5.Climate model mathematical

formulation

The following procedures are commonly
involved in the formulation of climate
models:

e  Identification of factors (wind
speed, temperature, and CO2
concentration)

e  Using physical concepts to derive
governing equations

e  Establishing boundary and
beginning circumstances

e  Estimating parameters from
observational data

e  Numerical validation and
implementation

Models are Climate sensitive to initial
conditions due to nonlinearity and
coupling among equations, a feature
closely associated with chaos theory.

6. Numerical techniques for climate
modelling

Analytical solutions are rarely possible
for realistic climate models. For this
reason, numerical approaches are crucial.
Typical methods include of:

e Finite difference techniques for
spatial discretization

e Time-stepping techniques like
Runge-Kutta and Euler
methods

e Spectral techniques for
circulation in the atmosphere

e Techniques for integrating
observations  through  data
assimilation

Large-scale climate simulations depend
heavily on high-performance computation.

7. Sensitivity and uncertainty analysis
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Climate modelling is inherently uncertain
because to insufficient data, model
assumptions, and errors in parameter
estimation. Model resilience is evaluated
and uncertainty is quantified using
mathematical methods. Sensitivity analysis
looks at how changes in parameters impact
the results of the model. Instead of
representing  individual  deterministic
outcomes, probabilistic techniques and
ensemble simulations aid in representing
uncertainty ranges.

8. Material climate models applications

Numerous sectors related to climate
change use mathematical models:

e Forecasting future trends of
precipitation and temperature

e Estimating sea level rise
Evaluation of extreme weather
occurrences

e Assessment of options for
adaptation and mitigation

e Climate risk assessment for
water resources and agriculture

International climate negotiations
and policy development are aided by these
applications.

1. Prediction of Climate Change Future
changes in the following are simulated by
mathematical climate models:

e The average temperature of
the world

e Patterns of rainfall

e The circulation of the
atmosphere

Application:
Forecasting future climatic scenarios with

varying levels of greenhouse gas
emissions.
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2. Evaluation of Global Warming
Models uses differential equations and
energy balance concepts to assess the
connection between temperature rise and
greenhouse gas concentration.
Application:

Calculating warming trends and climate
sensitivity.

3. Research on Circulation in the
Atmosphere

Models use nonlinear PDE systems to
simulate:

> Patterns of wind Jet streams
Application:

Comprehending atmospheric dynamics on
a big scale.

4. Sea Level Rise Estimation
Models incorporate:

»  Thermal expansion of seawater
>  Melting of glaciers and ice sheets

Application:

Prediction of future sea-level rise affecting
coastal regions.

5. Modelling the Carbon Cycle and
Greenhouse Gases

Equations in mathematics track:
»  Carbon dioxide exchange
>» Land ocean atmosphere
interactions

Application:

Understanding carbon sinks and sources.
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9. Limitations of climate models

Climate models are helpful, but they have
drawbacks:

> Incomplete
certain processes
> Dependence on parameterization
schemes

» Computational constraints

» Uncertainty in future socio-
economic pathways

understanding  of

To overcome these obstacles,
interdisciplinary cooperation and ongoing
model refinement are crucial.

10. Conclusion

The foundation of research on climate
change is mathematical modelling. Models
allow for the systematic study of climate
dynamics and future possibilities by
converting physical laws into
mathematical frameworks. Mathematical
models  offer crucial insights for
comprehending climate change and
directing international actions, even
though uncertainties still exist. The
relevance of modelling in tackling climate
concerns will be strengthened by ongoing
improvements in mathematical methods
and computing tools. Mathematical
modelling,  which  enables  precise
simulation of complex Earth systems, from
regional extreme weather patterns to
global temperature trends, is the
cornerstone of climate change research.
These techniques enable systematic
research of climate dynamics, carbon cycle
feedbacks, and future forecasts under
different emission scenarios by translating
physical laws into reliable mathematical
frameworks like PDE-based GCMs and
integrated assessment models (IAMs).
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